A dynamic mathematical model for a new structure of precision air conditioning (PAC) has been developed. The proposed PAC uses an additional secondary condenser for relative humidity regulation compared to a basic refrigeration system. The work mechanism for this system and a vapour-compression cycle process of the system are illustrated using psychrometric chart and pressure-enthalpy diagram. A non-linear system model is derived based on the conservation of mass and energy balance principles and then linearized at steady state operating point for developing a 8 th -order state space model suited for multivariable controller design. The quality of linearized model is analyzed in terms of transient response, controllability, observability, and interaction between input-output variables. The developed model is verified through simulation showing its ability for imitating the nonlinear behavior and the interaction of input-output variables.
Introduction
The Datacenter room is filled with various high density computer equipments that serve high priority works and must meet specific environment requirements. In order to achieve a good performance, temperature and relative humidity (RH) of the equipments must be maintained in a comfort area recommended by ASHRAE. Several problems, such as conductive anodic failures, tape media errors, excessive wear, short circuit, electrostatic discharge, and corrosion, may arise if the temperature and RH exceed the recommended limit. In recent decades, precision air conditioning (PAC) systems are widely used in small-to medium Datacenter buildings to control the temperature of equipments in cabinets. PAC removes heat generated by the equipments using vapour-compression process cycle. Another problem encountered is that a large Datacenter can easily consume as much electrical power as a small city [1] .
During the last decades, modeling, control, and vapor compression diagnosis have been the focus of various interesting research to improve control performance. Air conditioning systems have been conventionally controlled using single-input-single-output techniques. The temperature of PAC system is usually controlled by manipulating variable speed compressor. Many researchers suggested various control strategy based on number of operating parameter [2] [3] , energy balance of air and refrigerant [4] , and qualitative model [5] . However, research has demonstrated that this approach has numerous difficulties, and results in limited control performance such as large variation of temperature, tendency to be non-convergence, slow response, and non-zero steady state error. In [6] the interaction between variables is considered as a disturbance in the multi-loop control design, but the control has shown unsatisfactory performance due to neglecting crosscoupling between controlled variables.
Due to cross-coupling nature on system dynamics, only multivariable control strategies are able to satisfy multi objective control, such as temperature and RH, simultaneously. The design of multivariable control strategy requires a mathematical model of system which can imitate transient behavior and the interaction between variables. Tian and friends [7] suggest a fuzzy multivariable control but still ignore the interaction impact. Other methods using multivariable model obtained from the first principle concept [8] [9] , dynamic model reduction order [10] , and low order identification model [11] , have demonstrated that multivariable control can achieve satisfactory transient response on temperature and also enhance energy efficiency.
Original vapor compression cycle system generally uses an electric heater to manipulate the RH variable. In this paper, a new structure of precision air conditioning system is presented. Instead of electric heater, an additional secondary condenser which generates waste heat for regulating the RH variable is used. The proposed system has two outputs to be controlled namely temperature and relative humidity by manipulating the variable speed compressor and a fan of secondary condenser. This paper is aimed at developing an accurate multivariable model for the new structure of air conditioning system, since the multivariable control performance highly depends on quality of the model. First, the work principle and a vapour-compression cycle of the PAC system are described using psychrometric chart and pressure-enthalpy (P-h) diagram. A nonlinier dynamic model is derived based on the conservation of mass and energy balance principles. In order to develop a multivariable linear model suited for multivariable controller design, the nonlinear model is linearized at steady state operating point using Taylor series. Analysis of the multivariable linear model in terms of transient response and cross couplings is also performed. Finally, the multivariable linear model is validated thorugh simulation to investigate its ability in imitating the nonlinier behavior and cross-couplings between controlled variables.
Methods
Description of the Proposed PAC System. The new structure of precision air conditioning system shown in Figure 1 consists of a compressor, an evaporator, two condensers, two fans, a caviler pipe, an electronic valve, and a check valve. The PAC system is mainly composed of two parts, refrigerant-side and an air-side. The secondary condenser is placed at PAC outlet to work as an air heating coil. The working fluid of the PAC plant is refrigerant R134a, with a total charge of 0.5 kg.
The work principle of the PAC system can be described as follows. The temperature of the Datacenter room is assumed higher than the room temperature and RH level around 60%. As shown in figure 1 , the fresh air from Datacenter room is pulled inside the precision air conditioning system by the fix-speed fan. As the fresh air passes through the evaporator, heat transfer from airside results in vaporation of the fresh air. The air leaving the evaporator is evaporated to a relatively low temperature T 1 and very high relative humidity φ 1 . The evaporator functions as a cooling coil. Next, the air passes through secondary condenser, where the refrigerant condenses and there is heat transfer from the refrigerant-side to the air-side. The waste heat from secondary condenser is used to raise the temperature and reduce the relative humidity, hence T 2 >T 1 and φ 1 >φ 2 . In order to avoid the air temperature getting large, the refrigerant flow passing through the secondary condenser is limited only 10 percent from its maximum value. Considering heat generated by fix-speed fan Q spl , the air temperature T 2 increases into T 3 at the outlet of PAC system. The air temperature T 3 and φ 3 must be maintained in the comfort zone to keep a good performance of computer equipments. The process of air conditioning is illustrated in a psychrometric chart shown in Figure 2 . The Vapour-compression Process Cycle. The refrigerant flow passes through evaporator, compressor, condenser, secondary condenser, and capillary tube. The vapour-compression process cycle for the PAC system is described using the P-h diagram shown in Figure 3 as follows: a) State point 1-2 is the compression process. At the inlet of compressor, the refrigerant is compressed increasing the temperature as well as the pressure, b) State point 2-2' is the condensation process in the first condenser. The refrigerant leaves the compressor with relative high temperature and flows into condenser coil by heat-transfering from its hot gaseous to the air-side. At constant pressure, refrigerant starts to condense and changes its phase from gas into liquid, c) State point 3-3' is the condensation process in the secondary condenser similar as occured in the first condenser. The differences lie in the amount of refrigerant flow only 10% from maximum value and the condensation process performed at lower pressure. The temperature of refrigerant is higher than the air-side. The secondary condenser functions as a reheater where it enables a heat transfer from the hot refrigerant to the air-side. This causes the air temperature leaving the secondary condenser increases (T2> T1) and the relative humidity decreases (φ2<φ1). A variable-speed fan can help increasing the heat transfer by blowing air across the secondary condenser, d) State points 2'-4 and 3'-4 are the unification step of refrigerants leaving from the primary and secondary condensers. In order to overcome icing due to a pressure difference between the refrigerant flows of those condensers, a check valve is installed, e) Point 4-5 is the expansion process. The refrigerant flows through the capillary pipe which separates the high pressure side from the low pressure side. A large pressure drop is occurred causing some of the refrigerant to evaporate. Refrigerant changes from the liquid phase into two-phase region causing the temperature to drop down, f) State point 5-1 is the evaporation process. In the evaporator, a heat transfer from the Datacenter room to the refrigerant is enabled by the low inlet refrigerant temperature. The heat from Datacenter room is absorbed and the remaining part of the liquid refrigerant evaporates at a constant temperature, and changes from liquid phase to gas phase. All refrigerant leaving the evaporator has evaporated and the air temperature has decreased slightly. The air temperature leaving the evaporator T 1 is lower than the air temperature of the Datacenter room Tair-in, but the relative humidity is going larger and saturated at φ1 = 95%-100%. The vapour-compression process cycle is now completed and the refrigerant returns to the inlet of the compressor, state point 1.
Modeling of Dynamic PAC System. Based on the work of Qi and Deng [11] , the dynamic mathematical model for the PAC system can be derived from the energy and mass conservation principles by considering several assumptions, (1) the air side of the PAC evaporator includes dry-cooling region and wet-cooling region with volume ratio of 1:4, (2) the air side of the PAC condenser only includes the dry-cooling region, (3) the heat load of equipments inside the cabinet is considered constant, and (4) the heat losses in the air flow area is negligible.
As shown in Figure 1 , the supply air from Datacenter room pulled by a fan flows through the evaporator and the secondary condenser until enters inside the cabinet. In this case, there is no need for a mathematical model of the primary condenser, since all informations required describing the behavior of the temperature and RH of the cabinet (T cab , φ cab ) are available.
Compressor Model. It is assumed that the compressor is modeled as a static component. The refrigerant mass flow rate M ref is calculated using equation 1 at constant condensing pressure and evaporating pressure
The swept volume of the rotor compressor V com is calculated using following equation
where V d and n c are the displacement volume and the number of cylinder, respectively.
( ) 
Evaporator Model. Figure 4 shows a schematic diagram of the evaporator where the air-side is divided into the dry region and the wet region. At the air-side of the evaporator, the temperature and the specific humidity entering the evaporator from Datacenter room are T air-in and ω air-in , respectively. Along the evaporator wall, the air temperature will decrease and equal to T 1 ' at the end of dry region, and the temperature of evaporator wall is assumed to be constant T we . The differential equation for the dry region is determined using the energy balance principle shown in equation 3.
Meanwhile, in the wet-cooling region there is not only sensible heat transfer between the air and evaporator wall but also latent heat transfer. Applying the energy balance, the differential equation in the wet region can be described in terms of the air temperature and specific humidity as shown in equation 4.
The dynamic response on the refrigerant-side is much faster than on the air-side. If changes applied on both sides, the air-side is still in transient response phase while the refrigerant-side is already in the steady-state condition for a quite while. Therefore, the refrigerant mass flow rate along evaporator wall is assumed to be constant. The differential equation for the evaporator wall can be described based on the energy balance principle as shown in equation 5.
It is assumed that the air leaving the evaporator is saturated at 95%. Using linear regression method, the relationship between the temperature T 1 Secondary Condenser Model. Unlike the evaporator, the secondary condenser has only dry-cooling region as shown in figure 5 . A heat transfer from the refrigerant to the air side is enabled by the hot refrigerant temperature at the inlet of the secondary condenser. Hence, the air temperature is increased along the secondary condenser and equal to the waste heat T 2 . The waste heat is then used to reduce the moisture content at the end of airside. In order to prevent raising the air temperature, the refrigerant mass flow rate passing through the secondary condenser is determined only a small fraction of the total of refrigerant mass flow rate, M ref2 =0,1M ref .
The derivation of mathematical model for the secondary condenser is similar to the evaporator dry region. The energy balance for the air side and the secondary condenser wall can be written as differential equations in equation 8 and 9, respectively.
Cabinet Model. The air at the end of PAC system is pulled in by a variable-speed fan entering the cabinet space to regulate the cabinet temperature T cab . The variable-speed fan generates load heat causing the air temperature increases. Therefore, a mathematical model for the supply air at the inlet of cabinet space is given by following equation It is assumed that no humidity load generated by the fan. Hence, the specific humidity leaving the fan ω 3 is considered equal to the specific humidity leaving the secondary condenser ω 2. Applying the energy balance principle, a mathematical model for the conditioned cabinet space can be described by the following differential equation
Meanwhile, the moisture mass balance inside the cabinet is given by
where M is the moisture load generation in the cabinet.
The controlled variables are the temperature of cabinet T cab and the relative humidity of cabinet φ cab . The relationship between the relative humidity φ cab and the specific humiditiy ω cab is calculated using equations 13-14 as follows 
Results and Discussion
In this section, the developed model of PAC system will be analyzed in terms of the characteristics of transient response and the cross-couplings between variables. First, the nonlinear model is linearized at a certain operating point in order to derive a linear multivariable model. Based on the linear model, the characteristics of the model such as the eigenvalues, controllability, and observability can be determined. The analysis results are usefull especially for the controller-and oberver-design purpose. An issue only encountered in the multivariable systems is the cross-coupling effect. This aspect will also be analyzed for the PAC system which is belonged to a multivariable system.
The parameters used to simulate the PAC model are shown in Table 1 . These parameters are determined based on the equipment specification, the physical properties of material, and based on experiment tests combined with calculation using CoolPack program, with the following assumptions: a) Cpu, ρu and P are the general constant, the latent heat air vaporation hfg, and the hermetic reciprocating β compressor type index referred to Qi and Deng [12] ; b) C pw and ρ w are obtained from physical property of the evaporator's wall material and secondary condenser made from copper; c) ( )
Expressions of all elements in matrix G and f 1 are given in the appendix A. The linear model is derived about the operating point (x 0 ,u 0 ) as described in table 2 using Taylor series method 
For a set of data of the relative humidity and the specific humidity {φ cab (i),ω cab (i)} i=1,...,N, the equation 18 can be described in the form of regression equation Applying the least squares formula, the parameter vector θ is determined using following equation
and yields the parameters c0=0.7687, c1=-0.0299, dan c2=46.9. Therefore, the output of the PAC system can be written as The application of multivariable state space controller needs information about the state variable x in order to calculate the control signal u. Since only sensors for the output of PAC system y are available, the other 7 state variables must be estimated based on the measured input-output data using an observer. The unknown initial value of states x 0 can be perfectly estimated by the observer, if the matrix Q o for testing the observability
has a full rank number. For the model of PAC system, the rank of the controllability matrix Qo is maximum equal to the number of state variable n=8. All of unmeasured state variables will be known exactly even only sensors for measuring the output available.
Analysis of Cross-Couplings. The PAC system has two interacting control loops between s-Tcab and f-φcab. In order to measure the interaction among these control loops, an analytical tool called the relative gain array (RGA) method can be used which is defined in terms of matrix operation as follows 1 ) ( * .
where the sign of (.*) is a product of Hadamard. The gain matrix K consists of static gain value of each subsystem
with Kij defined as DC gain of transfer function Gij To analyze the interaction variables for the PAC system with 2-inputs-2-outputs, the RGA for K 2x2 is found to be loops. Due to the substantial interaction between the two SISO loops, the PAC system cannot be controlled by a multi-loop control which can guide the system into a non-zero steady-state error. It is clear from this crosscoupling analysis that only a multivariable control can significantly improve the control performance. Figure  12 shows the response of the cabinet temperature and the cabinet relative humidity to a step change in compressor speed and fan speed. As shown in the time interval 2500-5000 seconds, a change in the compressor speed while keeping the fan speed constant results in both temperature and relative humidity responses. Another interaction response is also shown when the fan speed changes and the compressor speed is constant in the time interval of 5000-7500 seconds as well. From the analysis results and the model verification, we can see that the multivariable model that was developed using a linierization process about the operating point (x 0 ,u 0 ) is able to mimic the characteristics of the nonlinear model at steady state condition with sufficient accuracy. There is still an offset encountered between the the linear model response and the nonlinier model response due to simplification of the process complexity, but the tendency of both models are consistent. Hence, this multivariable state-space model of the PAC system, is a good representation for 
Conclusion
A nonlinear model for a new structure of precision air conditioning system using waste heat for RH regulation has been derived based on the conservation of mass and energy balance principle. 
Appendix-A
A set of nonlinear differential equations of the precision air conditioning can be written as follows 
